Gorenstein cut polytopes by Ohsugi, Hidefumi
ar
X
iv
:1
30
2.
28
99
v3
  [
ma
th.
CO
]  
1 N
ov
 20
13
Gorenstein cut polytopes
Hidefumi Ohsugi
Department of Mathematics, College of Science, Rikkyo University, Toshima-ku, Tokyo
171-8501, Japan
Abstract
An integral convex polytope P is said to be Gorenstein if its toric ring K[P]
is normal and Gorenstein. In this paper, Gorenstein cut polytopes of graphs
are characterized explicitly. First, we prove that Gorenstein cut polytopes
are compressed (i.e., all of whose reverse lexicographic triangulations are uni-
modular). Second, by applying Athanasiadis’s theory for Gorenstein com-
pressed polytopes, we show that a cut polytope of a graph G is Gorenstein
if and only if G has no K5-minor and G is either a bipartite graph without
induced cycles of length ≥ 6 or a bridgeless chordal graph.
Keywords: Gorenstein polytopes, cut polytopes, compressed polytopes,
special simplices.
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Introduction
Let P ⊂ Rm be an integral convex polytope of dimension m. Let K be
a field and let K[x,x−1, t] = K[x1, x
−1
1 , . . . , xm, x
−1
m , t] denote the Laurent
polynomial ring in m+1 variables over K. The toric ring of the polytope P
is the subalgebra K[P] of K[x,x−1, t] generated by those monomials xat =
xa11 · · ·x
am
m t such that a = (a1, . . . , am) ∈ P ∩ Z
m. The defining ideal IP
of K[P] is called the toric ideal of P. We regard K[P] as a homogeneous
algebra by setting each deg xat = 1. Let H(K[P], r) = dimK K[P]r where
K[P]r is the vector space spanned by the monomials of K[P] of degree r.
Then, H(K[P], r) is called the Hilbert function of K[P] and F (K[P], λ) =∑∞
r=0H(K[P], r)λ
r is called the Hilbert series of K[P]. It is known that we
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have F (K[P], λ) = h0+h1λ+···+hsλ
s
(1−λ)m+1
, where each hi ∈ Z with hs 6= 0. The
sequence (h0, h1, . . . , hs) is called the h-vector of K[P]. An integral convex
polytope P is said to be normal if K[P] is a normal semigroup ring. If P is
normal, then K[P] is Cohen–Macaulay. It is known [16, Theorem 13.11] that
P is normal if and only if the Hilbert function H(K[P], r) is equal to the
normalized Ehrhart polynomialE(P, r) = |rP∩LP | where rP = {rα | α ∈ P}
and LP is a sublattice of Z
m spanned by P ∩ Zm. If P is normal, then the
h-vector of K[P] is nonnegative (i.e., hi ≥ 0 for all 0 ≤ i ≤ s). Moreover,
if P is normal, then K[P] is Gorenstein if and only if h-vector of K[P] is
symmetric (i.e., hi = hs−i for all 0 ≤ i ≤ s). An integral convex polytope P
is said to be Gorenstein if K[P] is normal and Gorenstein (See, e.g., [3]).
In this paper, Gorenstein cut polytopes of graphs are characterized ex-
plicitly. Let G = (V (G), E(G)) be a finite (undirected) graph on the vertex
set V (G) = [n] = {1, 2, . . . , n} and the edge set E(G) = {e1, . . . , em}. We
assume that G has no loops and no multiple edges. Given S ⊂ [n], the
cut semimetric on G induced by S is the 0/1 vector δG(S) = (dij | {i, j} ∈
E(G)) ∈ Rm where
dij :=
{
1 if |S ∩ {i, j}| = 1,
0 otherwise,
for each {i, j} ∈ E(G). In particular, we have δG(∅) = (0, . . . , 0) ∈ R
m. The
cut polytope Cut(G) of G is the convex hull of {δG(S) | S ⊂ [n]} ⊂ R
m.
If S ′ = [n] \ S, then we have δG(S) = δG(S
′). It then follows that Cut(G)
has 2n−1 vertices. It is known that the dimension of Cut(G) equals to m.
As explained in [4], cut polytopes are well-known and important objects in
discrete mathematics (graph theory, combinatorial optimization, etc.).
Sturmfels–Sullivant [12] studied the toric rings of cut polytopes and their
applications to algebraic statistics. Especially, they showed that the clique
sum of two graphs G1 and G2 (i.e., the graph obtained by identifying a
common clique of G1 and G2) yields a toric fiber product [14] of the toric
ideals of cut polytopes Cut(G1) and Cut
(G2). They also gave several
interesting conjectures on properties of the toric ideals of cut polytopes.
Inspired by them, several results are known on toric ideals and toric rings of
cut polytopes. See, e.g., [6, 7, 9, 10, 15]. However, in [12], they said that “We
do not have a firm conjecture on the structure of those graphs whose cut ideal
is Gorenstein.” One of the reasons for this difficulty is that Gorensteiness is
not preserved under taking the clique sum of graphs. It is known [9] that, if
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G is a tree, then Cut(G) is Gorenstein. However, no other result seems to
be known for Gorenstein cut polytopes.
The content of this paper is as follows. In Section 1, together with graph
theoretical terminology, we summarize known results on the toric ring of a
cut polytope. In Section 2, by using Barahona–Mahjoub’s formula [2] on
the facets of normal cut polytopes and Sullivant’s characterization [13] of
compressed cut polytopes, we prove that Gorenstein cut polytopes are com-
pressed (i.e., all of whose reverse lexicographic triangulations are unimod-
ular). In Section 3, by using Athanasiadis’s theory of special simplices for
Gorenstein compressed polytopes, we prove that a cut polytope of a graph
G is Gorenstein if and only if G has no K5-minor and G is either a bipartite
graph without induced cycles of length ≥ 6 or a bridgeless chordal graph
(Theorem 3.4).
1. Normal cut polytopes
In this section, we summarize known results on (i) normal cut polytopes,
(ii) compressed cut polytopes and (iii) Gorenstein cut polytopes.
First, we introduce graph theoretical terminology. Let G be a graph with
the vertex set V (G) = [n] = {1, 2, . . . , n} and the edge set E(G). We assume
that G has no loops and no multiple edges. A cycle of length q (≥ 3) of G is
a finite sequence of the form
Γ = ({v1, v2}, {v2, v3}, . . . , {vq, v1}) (1)
with each {vk, vk+1}, 1 ≤ k ≤ q − 1 and {vq, v1} belong to E(G) and vi 6= vj
for all 1 ≤ i < j ≤ q. An even (resp. odd) cycle is a cycle of even (resp. odd)
length. A triangle is a cycle of length 3. A chord of a cycle (1) is an edge
e ∈ E(G) of the form e = {vi, vj} for some 1 ≤ i < j ≤ q with e /∈ C. An
induced cycle of G is a cycle having no chord. A graph G is said to be chordal
if G has no induced cycle of length ≥ 4. An edge e of G is called a bridge if
there exists no cycle of G containing e. It is easy to see that a chordal graph
G has no bridges if and only if E(G) is the union of all triangles of G. A graph
G is called a bipartite graph if there exists a bipartition V (G) = V1 ∪ V2 such
that any edge of G connects a vertex of V1 and a vertex of V2. It is known
that G is bipartite if and only if G has no odd cycle. Let e = {i, j} ∈ E(G)
be an edge of G. Then, the new graph G \ e on the vertex set V (G) and
the edge set E(G) \ {e} is called the graph obtained from G by deleting the
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edge e. On the other hand, the new graph G/e obtained by the procedure
(i) Identify the vertices i and j; (ii) Delete the multiple edges that may be
created while (i); is called the graph obtained from G by contracting the edge
e. A graph H is said to be a minor of G if it can be obtained from G by a
sequence of deletions and/or contractions of edges (and deletions of vertices).
Let Kn denote the complete graph with n vertices. It is known that
Proposition 1.1 ([12]). Let G be a graph. If Cut(G) is normal, then G
has no K5-minor.
It is conjectured that the converse of Proposition 1.1 holds in general.
Conjecture 1.2 ([12]). Let G be a graph. Then, the following conditions
are equivalent.
(i) Cut(G) is normal.
(ii) K[Cut(G)] is Cohen–Macaulay.
(iii) G has no K5-minor.
Although the conjecture is still open, it is known that
Proposition 1.3 ([10]). Let H be a minor of a graph G. If Cut(G) is
normal, then so is Cut(H).
In order to prove Proposition 1.3, the following Barahona–Mahjoub’s for-
mula [2] plays an important role.
Proposition 1.4. Let G be a graph without K5-minor. Then, Cut
(G) is
the solution set of the following linear inequalities:
0 ≤ xi ≤ 1 (ei does not belong to any triangle of G.)∑
ei∈F
xi −
∑
ej∈C\F
xj ≤ |F | − 1
(
C is an induced cycle of G,
F is an odd subset of C.
)
Moreover, each of them defines a facet of Cut(G).
Let G1 = (V1, E1) and G2 = (V2, E2) be graphs such that V1∩V2 is a clique
of both graphs. The new graph G = G1♯G2 with the vertex set V = V1 ∪ V2
and edge set E = E1∪E2 is called the clique sum of G1 and G2 along V1∩V2.
If the cardinality of V1 ∩ V2 is k + 1, this operation is called a k-sum of the
graphs. The normality of cut polytopes are preserved under 0, 1, 2-sum.
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Proposition 1.5 ([10]). Let G = G1♯G2 be a 0, 1 or 2-sum of G1 and G2.
Then, Cut(G) is normal if and only if both Cut(G1) and Cut
(G2) are
normal.
Recall that Cut(G) is said to be compressed if all of whose reverse lexi-
cographic triangulations are unimodular. In general, a compressed polytope
is normal. See [16, Chapter 8] and [13] for details. We now introduce the
characterization of compressed cut polytope ([13] and [12, Theorem 1.3]).
Proposition 1.6. Let G be a graph. Then, the following conditions are
equivalent:
(i) Cut(G) is compressed;
(ii) Cut(G) has a reverse lexicographic unimodular triangulation;
(iii) G has no K5-minor and no induced cycle of length ≥ 5.
By Propositions 1.4 and 1.6, we have the following:
Proposition 1.7. Suppose that the cut polytope Cut(G) of a graph G is
compressed. Then, Cut(G) is the solution set of the following linear in-
equalities:
0 ≤ xi ≤ 1, (ei does not belong to any triangle of G),
xi − xj − xk ≤ 0, ({ei, ej, ek} is a triangle of G),
xi + xj + xk ≤ 2, ({ei, ej, ek} is a triangle of G),
0 ≤ xi + xj + xk − xℓ ≤ 2,
(
{ei, ej, ek, eℓ} is an induced cycle
of G of length 4
)
.
Moreover, each of them defines a facet of Cut(G).
On the other hand, in general, Gorensteiness is not preserved under taking
(i) the clique sums of graphs; (ii) an edge contraction; (iii) an edge deletion;
(iv) an induced subgraph. The next example shows this fact.
Example 1.8. Let Gm,n be a 0-sum (i.e., glued at a vertex) of complete
graphs Km and Kn. By Proposition 1.6, Cut
(K2), Cut
(K3), Cut
(G2,3)
and Cut(G3,3) are compressed and hence normal. Moreover,
(a) Both Cut(K2) and Cut
(K3) are Gorenstein (simplices). However,
Cut(G2,3) is not Gorenstein since the h-vector (1, 3) of its toric ring
is not symmetric.
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(b) The cut polytope Cut(G3,3) is Gorenstein since the h-vector (1, 9, 9, 1)
of its toric ring is symmetric. However, Cut(G2,3) is not Gorenstein.
Note that G2,3 is an induced subgraph of G3,3. In addition, G2,3 is
obtained by an edge contraction from G3,3.
It is known [9] that, if G is a tree, then Cut(G) is Gorenstein. However,
no other result seems to be known for Gorenstein cut polytopes.
2. Gorenstein cut polytopes are compressed
In this section, we show that any Gorenstein cut polytope is compressed.
For the cut polytope P = Cut(G) ⊂ Rm of G, let rP = {rα | α ∈ P}
and let LP be a sublattice of Z
m spanned by the vertices of P. The relative
interior of P is denoted by int(P). The codegree of P is codeg(P) = min(k ∈
N | int(kP) ∩ LP 6= ∅). Then, the following is known (see, e.g., [3]):
Proposition 2.1. Let P = Cut(G) be the cut polytope of a graph G with
codegree d. If P is Gorenstein, then int(dP) ∩ LP = {v} and any vector
w ∈ int((d+ r)P) ∩ LP satisfies w− v ∈ rP ∩ LP .
So, the following proposition [8, p. 258] will play an important role.
Proposition 2.2. Let P = Cut(G) be the cut polytope of a graph G. Then,
(x1, . . . , xm) ∈ LP if and only if
∑
ei∈C
xi ≡ 0 mod 2 for each cycle C of G.
Using these propositions, we have the following.
Theorem 2.3. If the cut polytope Cut(G) of a graph G is Gorenstein, then
Cut(G) is compressed.
Proof. Suppose that the cut polytope P = Cut(G) of a graph G is Goren-
stein and not compressed. Since P is normal, G has no K5-minor by Propo-
sition 1.1. Thus, G has an induced cycle of length ≥ 5 by Proposition 1.6.
Let d = codeg(P) and int(dP) ∩ LP = {v = (v1, . . . , vm)}. If xi = 2 for all
1 ≤ i ≤ m, then 0 < xi < 4 and
4(|F | − 1)−
∑
ei∈F
xi +
∑
ej∈C\F
xj = 2(|C| − 2) > 0
for any induced cycle C and its odd subset F . By Propositions 1.4 and 2.2,
we have (2, . . . , 2) ∈ int(4P) ∩ LP . Thus, 2 ≤ d ≤ 4 and vi ≤ 2 for all
i = 1, 2, . . . , m by Proposition 2.1.
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Case 1. There exists an induced even cycle C of length ≥ 6.
Let C = (ei1 , . . . , ei2ℓ) on the vertex set {p1, . . . , p2ℓ}. Suppose that vi1 +
· · · + vi2ℓ−1 − vi2ℓ < d(2ℓ − 2) − 2. Let γ = c1 + · · · + c2ℓ − 2ei2ℓ where
cj = δG({pj}) for 1 ≤ j ≤ 2ℓ. By Proposition 2.2, γ belongs to LP . Since
γi1 + · · ·+ γi2ℓ−1 − γi2ℓ = 2(2ℓ − 1) > 2(2ℓ− 2), it follows that γ /∈ 2P. We
will show that β = (β1, . . . , βm) = v+ γ belongs to int((d+2)P)∩LP. Since
0 ≤ γi ≤ 2 holds for each 1 ≤ i ≤ m, we have 0 < βi < d+ 2. Let C
′ be an
induced cycle and F an odd subset F of C ′. Set
α = (d+ 2)(|F | − 1)−
∑
ei∈F
βi +
∑
ej∈C′\F
βj
= d(|F | − 1)−
∑
ei∈F
vi +
∑
ej∈C′\F
vj + 2(|F | − 1)−
∑
ei∈F
γi +
∑
ej∈C′\F
γj.
If (C ′, F ) 6= (C, {ei1, . . . , ei2ℓ−1}), then we have d(|F | − 1) −
∑
ei∈F
vi +∑
ej∈C′\F
vj ≥ 2 and 2(|F | − 1) −
∑
ei∈F
γi +
∑
ej∈C′\F
γj > 2(|F | − 1) −
2|F | = −2. Thus, α > 0. If (C ′, F ) = (C, {ei1, . . . , ei2ℓ−1}), then we
have d(|F | − 1) −
∑
ei∈F
vi +
∑
ej∈C′\F
vj ≥ 4 and 2(|F | − 1) −
∑
ei∈F
γi +∑
ej∈C′\F
γj = −2. Thus, α > 0. Therefore, β = (β1, . . . , βm) = v + γ be-
longs to int((d + 2)P) ∩ LP . By Proposition 2.1, this contradicts that P is
Gorenstein. Hence, vi1 + · · ·+ vi2ℓ−1 − vi2ℓ = d(2ℓ− 2)− 2. By symmetry, we
have −2vij +
∑2ℓ
k=1 vik = d(2ℓ− 2)− 2 for all j = 1, 2, . . . , 2ℓ. Adding all of
them, it follows that (2ℓ− 2)
∑2ℓ
k=1 vik = 2ℓ(d(2ℓ− 2)− 2). Thus, we have
vij =
ℓ(d(ℓ− 1)− 1)
ℓ− 1
− (d(ℓ− 1)− 1) =
d(ℓ− 1)− 1
ℓ− 1
= d−
1
ℓ− 1
.
Since ℓ ≥ 3, this is not an integer, a contradiction. (Note that, if ℓ = 2, then
vij = d− 1.)
Case 2. There exists no induced even cycle of length ≥ 6 and there exists
an induced odd cycle C of length ≥ 5.
Let C = (ei1 , . . . , ei2ℓ+1) on the vertex set {p1, . . . , p2ℓ+1}. Suppose that
vi1 + · · ·+ vi2ℓ+1 < 2ℓd−2. Let γ = c1+ · · ·+ c2ℓ+1 ∈ LP where cj = δG({pj})
for 1 ≤ j ≤ 2ℓ + 1. Since γi1 + · · · + γi2ℓ+1 = 2(2ℓ + 1) > 2 · 2ℓ, it follows
that γ /∈ 2P. We will show that β = (β1, . . . , βm) = v + γ belongs to
int((d + 2)P) ∩ LP . Since 0 ≤ γi ≤ 2 holds for each 1 ≤ i ≤ m, we have
0 < βi < d + 2. Let C
′ be an induced cycle and F an odd subset F of C ′.
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Set
α = (d+ 2)(|F | − 1)−
∑
ei∈F
βi +
∑
ej∈C′\F
βj
= d(|F | − 1)−
∑
ei∈F
vi +
∑
ej∈C′\F
vj + 2(|F | − 1)−
∑
ei∈F
γi +
∑
ej∈C′\F
γj.
If (C ′, F ) 6= (C,C), then we have d(|F |−1)−
∑
ei∈F
vi+
∑
ej∈C′\F
vj ≥ 2 and
2(|F | − 1)−
∑
ei∈F
γi +
∑
ej∈C′\F
γj > 2(|F | − 1)− 2|F | = −2. Thus, α > 0.
If (C ′, F ) = (C,C), then we have d(|F | − 1) −
∑
ei∈F
vi +
∑
ej∈C′\F
vj ≥ 4
and 2(|F | − 1) −
∑
ei∈F
γi +
∑
ej∈C′\F
γj = −2. Thus, α > 0. Therefore,
β = (β1, . . . , βm) = v+ γ belongs to int((d+2)P)∩LP . By Proposition 2.1,
this contradicts that P is Gorenstein. Hence, vi1 + · · ·+ vi2ℓ+1 = 2ℓd− 2.
Since vi ≤ 2 for all i, we have 2ℓd−2 ≤ 2(2ℓ+1) and hence d ≤ 2+2/ℓ ≤ 3.
If d = 2, then vi1 + · · ·+ vi2ℓ+1 = 4ℓ−2. Since ℓ ≥ 2, we have 4ℓ−2 > 2ℓ+1.
Hence, there exists 1 ≤ k ≤ 2ℓ + 1 such that vik = 2. By assumption,
v ∈ int(2P). If eik does not belong to any triangle of G, then v belongs
to the facet of 2P defined by xik = 2, a contradiction. Thus, there exists a
triangle (eik , es, et) of G. Since v belongs to int(2P), we have 2+ vs+ vt < 4
and 2 − vs − vt < 0, a contradiction. Therefore, d = 3. Then, 3 ≤ 2 + 2/ℓ
and hence ℓ = 2. In particular, G has no induced odd cycle of length ≥ 7.
Since vi1+ · · ·+vi5 = 10, we have vi1 = vi2 = vi3 = vi4 = vi5 = 2. Suppose
that there exists a triangle (ei1 , es, et) of G. Since v belongs to int(3P), we
have 2 + vs + vt < 6 and 2 − vs − vt < 0. Thus, 2 < vs + vt < 4 and hence
vs+vt = 3. This contradicts that 2+vs+vt is even. Therefore, if an induced
cycle contains ei1 , then the length of the cycle is either 4 or 5.
Let γ′ = 2ei1 ∈ LP \ 2P. We will show that β
′ = (β ′1, . . . , β
′
m) = v + γ
′
belongs to int(5P)∩LP . Since 0 ≤ γi ≤ 2 holds for each 1 ≤ i ≤ m, we have
0 < β ′i < 5. Let C
′ be an induced cycle and F an odd subset F of C ′. Set
α′ = 5(|F | − 1)−
∑
ei∈F
β ′i +
∑
ej∈C′\F
β ′j
= 3(|F | − 1)−
∑
ei∈F
vi +
∑
ej∈C′\F
vj + 2(|F | − 1)−
∑
ei∈F
γ′i +
∑
ej∈C′\F
γ′j.
If ei1 /∈ F , then 2(|F |−1)−
∑
ei∈F
γ′i+
∑
ej∈C′\F
γ′j ≥ 2(|F |−1) ≥ 0 and hence
α′ > 0. If |F | ≥ 3, then 2(|F |−1)−
∑
ei∈F
γ′i+
∑
ej∈C′\F
γ′j ≥ 2(|F |−1)−2 ≥ 2
and hence α′ > 0. Suppose that F = {ei1}. Then, the length of C
′ is 4 or 5.
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If the length of C ′ is 4, then vi = d−1 = 2 for all i ∈ C
′ by the last argument
in Case 1. If the length of C ′ is 5, then we have shown that vi = 2 for all
i ∈ C ′. Thus, we have α′ = −2+2(|C ′|−1)−2 = 2(|C ′|−3) > 0. Therefore,
β ′ = (β ′1, . . . , β
′
m) = v+ γ
′ belongs to int(5P)∩LP . By Proposition 2.1, this
contradicts that P is Gorenstein.
Remark 2.4. Let G be a graph. Suppose that P = Cut(G) is normal. By
considering the vectors (1, . . . , 1) and (2, . . . , 2), it is not difficult to see that
codeg(P) =


2 if G is bipartite,
4 if G has a triangle,
3 otherwise.
3. Gorenstein cut polytopes
In this section, in order to characterize Gorenstein cut polytopes, we
apply the theory of special simplices (given by Athanasiadis) to compressed
cut polytopes. Let P ⊂ Rm be a convex polytope. A d-simplex Σ each of
whose vertices is a vertex of P is called a special simplex in P if each facet
of P contains exactly d of the vertices of Σ. It is known ([1, 11]) that
Proposition 3.1. Let P be a compressed polytope. Then, P is Gorenstein if
and only if there exists a special simplex in P. Moreover, if P is Gorenstein,
then the (symmetric) h-vector (h0, h1, . . . , hs) of K[P] satisfies h0 ≤ h1 ≤
· · · ≤ h⌊s/2⌋ (i.e., unimodal).
We discuss the existence of special simplices of compressed cut polytopes.
Lemma 3.2. Suppose that Cut(G) is compressed and possesses a special
simplex Σ of Cut(G). If G satisfies one of the conditions
(a) There exists an edge ei of G such that no triangle of G contains ei,
(b) G has an induced cycle of length 4,
then we have dimΣ = 1.
Proof. (a) Suppose that there exists an edge ei of G such that no triangle
of G contains ei. By Proposition 1.7, the inequalities 0 ≤ xi and xi ≤ 1
define the facets F and F ′, respectively, of Cut(G). Note that each vertex
of Cut(G) belongs to exactly one of F and F ′. Thus, the special simplex Σ
has exactly two vertices.
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(b) Suppose that G has an induced cycle of length 4. By Proposition
1.7, the inequalities 0 ≤ xi + xj + xk − xℓ and xi + xj + xk − xℓ ≤ 2 define
the facets F and F ′, respectively, of Cut(G). Since each vertex of Cut(G)
belongs to exactly one of F and F ′, the special simplex Σ has exactly two
vertices.
Lemma 3.3. Suppose that Cut(G) is compressed and possesses a special
simplex Σ of Cut(G). If G has a triangle, then we have dimΣ = 3.
Proof. Let C = {ei, ej , ek} be a triangle of G. By Proposition 1.7, there are
4 facets of Cut(G) arising from C:
F1 : xi − xj − xk ≤ 0, F2 : xj − xi − xk ≤ 0,
F3 : xk − xi − xj ≤ 0, F4 : xi + xj + xk ≤ 2.
Given a vertex (x1, . . . , xm) ∈ {0, 1}
m of Cut(G), we have that the vector
(xi, xj , xk) is one of the following: (0, 0, 0), (0, 1, 1), (1, 0, 1) and (0, 1, 1).
Moreover, it follows that
(x1, . . . , xm) /∈ F1 ⇔ (xi, xj , xk) = (0, 1, 1),
(x1, . . . , xm) /∈ F2 ⇔ (xi, xj , xk) = (1, 0, 1),
(x1, . . . , xm) /∈ F3 ⇔ (xi, xj , xk) = (1, 1, 0),
(x1, . . . , xm) /∈ F4 ⇔ (xi, xj , xk) = (0, 0, 0).
Thus, the special simplex Σ has exactly four vertices, as required.
We now come to the main result of the present paper.
Theorem 3.4. Let G be a graph. Then, the cut polytope Cut(G) of G is
Gorenstein (i.e., K[Cut(G)] is normal and Gorenstein) if and only if G has
no K5-minor and satisfies one of the following:
(i) G is a bipartite graph without induced cycle of length ≥ 6;
(ii) G is a bridgeless chordal graph.
Proof. (⇒) Suppose that Cut(G) is Gorenstein. By Theorem 2.3, Cut(G)
is compressed. Hence, G has no K5-minor and no induced cycle of length
≥ 5. Since Cut(G) is compressed and Gorenstein, Cut(G) has a special
simplex Σ by Proposition 3.1.
If G is bipartite, then G has no induced cycle of length ≥ 6. If G is not
bipartite, then G has an odd cycle. Since G has no induced odd cycle of
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length ≥ 5, G has a triangle. By Lemma 3.3, we have dimΣ = 3. Since
dimΣ 6= 1, G satisfies neither (a) nor (b) in Lemma 3.2. Thus, G is chordal
and, for each e ∈ E(G), there exists a triangle C of G such that e ∈ C.
(⇐) Suppose that G has no K5-minor and G is either a bipartite graph
without induced cycle of length ≥ 6 or a bridgeless chordal graph. By Propo-
sition 1.6, Cut(G) is compressed and hence normal. Thus, it is sufficient to
show that Cut(G) has a special simplex.
Suppose that G is bipartite. Let V (G) = V1∪V2 be a bipartition of V (G)
and let E(G) = {e1, . . . , em}. We will show that the simplex Σ = Conv(0, 1),
where 0 = (0, . . . , 0) and 1 = (1, . . . , 1) is a special simplex. Note that, both
δG(∅) = 0 and δG(V1) = 1 are vertices of Cut
(G). By Proposition 1.7, the
facets of Cut(G) are defined by the following inequalities:
0 ≤ xi ≤ 1, (1 ≤ i ≤ m),
0 ≤ xi + xj + xk − xℓ ≤ 2, ({ei, ej, ek, eℓ} is a cycle of G).
For each facet F of Cut(G), exactly one of 0 and 1 belongs to F . Thus, Σ
is a special simplex and hence Cut(G) is Gorenstein.
On the other hand, suppose that G is chordal and, for each e ∈ E(G),
there exists a triangle C of G such that e ∈ C. Since G is chordal and
has no K5 as a subgraph, G is four-colorable. (It is known [5, Proposition
5.5.2] that any chordal graph is “perfect.” See also Proposition 3.5.) Let
V (G) = V1 ∪ V2 ∪ V3 ∪ V4 be a four coloring of G. We define the vertex
ui of Cut
(G) by ui = δG(Vi) for each i = 1, 2, 3, 4. We will show that
Σ = Conv(u1,u2,u3,u4) is a special simplex of Cut
(G). By Proposition
1.7, the facets of Cut(G) are defined by the following inequalities:
xi − xj − xk ≤ 0, ({ei, ej, ek} is a triangle of G),
xi + xj + xk ≤ 2, ({ei, ej, ek} is a triangle of G).
Let C = {ei, ej , ek} be a triangle of G where ei = {s, t}, ej = {t, u} and
ek = {s, u}. There are 4 facets arising from C:
F1 : xi − xj − xk ≤ 0, F2 : xj − xi − xk ≤ 0,
F3 : xk − xi − xj ≤ 0, F4 : xi + xj + xk ≤ 2.
Without loss of generality, we may assume that s ∈ V2, t ∈ V3 and u ∈ V4.
Then, we have
u1,u2,u3 ∈ F1,u4 /∈ F1, u1,u3,u4 ∈ F2,u2 /∈ F2,
u1,u2,u4 ∈ F3,u3 /∈ F3, u2,u3,u4 ∈ F4,u1 /∈ F4.
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This discussion is independent of the choice of a triangle of G. Thus, Σ is a
special simplex and hence Cut(G) is Gorenstein.
We give another characterization of a non-bipartite graph G such that
Cut(G) is Gorenstein:
Proposition 3.5. Let G be a connected graph. Then, G is a bridgeless
chordal graph without K5-minor if and only if G is a 0, 1 and 2-sum of K3’s
and K4’s.
Proof. It is known [5, Proposition 5.5.1] that a graph G is chordal if and only
if G is a clique sum of complete graphs.
(⇒) Suppose that G is a bridgeless chordal graph without K5-minor.
Since G is chordal, G is a clique sum of complete graphs Ki1 , . . . , Kir (2 ≤
i1, . . . , ir ∈ Z). Since G has no K5-minor, we have ij ≤ 4 for all 1 ≤ j ≤ r.
Suppose that ij = 2 for some j. Then, Kij = K2 consists of one edge e.
By the assumption, e is not a bridge and hence e belongs to other complete
graph. Hence, Kij is redundant in the decomposition of G. Thus, G is a 0,
1 and 2-sum of K3’s and K4’s.
(⇐) Suppose that G is a 0, 1 and 2-sum of K3’s and K4’s. By [5, Propo-
sition 5.5.1], G is a chordal graph. Since both K3 and K4 have no bridge, so
does G. Wagner’s famous theorem says that, G has no K5-minor.
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